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A two-dimensional spatially and temporally modulated Wannier-Stark system of ultracold atoms
in optical lattices is shown to mimic the behavior of a Dirac particle. Suitable additional modulations
generate an artificial gauge field which simulates a magnetic field and imposes the use of the full
spinor-4 Dirac equation.
I. INTRODUCTION
The Dirac equation, unifying quantum mechanics and
special relativity, is a major achievement in physics. It
has large implications in several fields, e.g. particle
physics where it describes spin-1/2 leptons and their in-
teractions with radiation, condensed matter where it is
used as a model for several types of quasiparticles, and
also in the fast progressing field of topological insulators.
Although the Dirac equation represents a paradigm for
modern field theory, this physics remained relatively elu-
sive, restricted to high-energy situations or to exotic ma-
terials. Recent developments both in condensed matter
and ultracold-atom systems have generated a burst of in-
terest, in particular, the concept of “quantum simulator”
opened a new window in the study of Dirac physics [1–
13]. Inspired by an original insight of Feynman [14], a
quantum simulator is a “simple” and controllable sys-
tem that can mimic (some aspects of) the behavior of
a more complex or less accessible ones. The flexibility
of ultracold-atom systems also prompted for innovative
ideas like the generation of the so-called “artificial” gauge
fields acting on (neutral) atoms that mimic the effects
of an electromagnetic field [15], allowing for the study of
quantum magnetism [16], engineered spin-orbit coupling,
and topological systems [17]. The mixing of these ideas
with the physics of ultracold atoms in optical lattices has
proven extremely fruitful [15, 18–23].
The Dirac equation is the most complete formulation
describing a relativistic charged fermion of spin 1/2. It
leads to a spinor-4 description which automatically in-
cludes the spin and the electron antiparticle, the positron.
In the rest frame of the free particle, which always ex-
ists for a massive particle, the spinor-4 components can
be separated in two spinor-2 obeying equivalent sets of
equations. This separation is not possible in the pres-
ence of electromagnetic fields, which leads to a richer
physics. The aim of the present work is the elaboration
of a minimal model simulating a 2D Dirac equation in
the presence of an artificial gauge field (related to a vec-
tor potential A with non-zero rotational). In this case
the spinor-4 description is mandatory, and we show that
the main characteristics of a Dirac particle are obtained.
We combine time- and space-modulated optical poten-
tials acting on independent atoms in order to obtain a
2D Dirac Hamiltonian of the form
HD = cα · (p− qA) + βmDc2 (1)
where c is the velocity of light, mD and q are the Dirac
particle’s mass and charge, p is the momentum andA the
vector potential. The 4 × 4 Dirac matrices constructed
from Pauli matrices σi (i = x, y, z) and the 2 × 2 unit
matrix 1:
αi =
(
0 σi
σi 0
)
β =
(
1 0
0 −1
)
.
In a previous work [2] we introduced a general model
allowing to quantum-simulate a spinor-4 Dirac Hamilto-
nian in 1D without magnetic field. In the present work
we shall i) generalize this approach to the 2D case, ii) in-
troduce an artificial gauge field, and iii) demonstrate its
ability to simulate known behaviors of the Dirac equa-
tion. To the best of our knowledge, such a simulator has
not been proposed in the literature, and opens new ways
for a more complete exploration of the Dirac physics.
II. SPINOR-4 DIRAC QUANTUM SIMULATOR
IN 2D
We first construct a modulated 2D tilted optical lat-
tice model that mimics a 2D spinor-4 Dirac equation with
no field. The model builds on the general approach in-
troduced for the 1D case in Ref. [2]. A 2D “tilted” (or
Wannier-Stark) lattice in the x, z plane [24] is described
by the 2D (dimensionless) Hamiltonian
H0 =
p2x + p
2
z
2m∗
+ VL(x, z) + Fxx+ Fzz (2)
with p = pxx + pzz the momentum in 2D (x, z are unit
vectors in the directions x, z), F = Fxx + Fzz a con-
stant force and VL a square lattice formed by orthogonal
standing waves
VL(x, z) = −V1 (cos(2pix) + cos(2piz))
where space is measured in units of the step a [25] of the
square lattice VL, a = λL/2 if the lattice is formed with
propagating beams of wavelength λL = 2pi/kL. Time is
measured in units of ~/ER where ER = ~2k2L/2M is the
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2atom’s recoil energy (M is the atom’s mass). With these
choices, m∗ = pi2/2 , ~ = 1 and pj = −i∂j (j = x, z).
Since the Hamiltonian Eq. (2) is separable, its eigenstates
can be factorized in terms of localized Wannier-Stark
(WS) functions [26, 27]:
Φn,m(x, z) = ϕ
(x)
n (x)ϕ
(z)
m (z),
where the index n indicates the lattice site along the x di-
rection where the eigenfunction ϕ(x)n (x) is centered (resp.
m in the z direction). The energies of the system are
then
En,m = E0 + nω
(x)
B +mω
(z)
B (3)
where E0 is an energy offset with respect to the bottom
of the central well n = m = 0. The energy spacing in
directions x and z define the so-called Bloch frequencies,
ω
(x)
B = Fx (= Fxa/~ in dimensioned units) and ω
(z)
B = Fz,
where we intentionally choose Fz 6= Fx. This defines
a “Wannier-Stark ladder” of energy levels separated by
integer multiples of ω(x,z)B , Eq. (3). As in Ref. [2], we
assume here that the excited levels are never populated
and that the dynamics depends only on the lowest-ladder
WS states sited at each site.
The Hamiltonian Eq. (2) is invariant over a transla-
tion of an integer multiple n of the lattice step in the x
direction provided that the energy is also shifted by nFx
(resp. mFz in the z direction), hence the eigenstates are
such that
ϕ(x)n (x) = ϕ
(x)
0 (x− n), (4)
(resp. ϕ(z)m (z) = ϕ
(z)
0 (z −m) in the z direction).
Our aim is to obtain an effective evolution equation for
the system equivalent to a 2D Dirac equation Eq. (1) for
a particle of mass m
i∂t [Ψ] =
{
cαx (px −Ax) + cαz (pz −Az) + βmc2
}
[Ψ]
(5)
where [Ψ] denotes a spinor-4, and A = Axx+ Azz. The
effective speed of light is c = ~c/aER, the gauge field
A = qaA/~, the mass m = ERa2mD/~2, and effective
charge is set to unity. We first consider the case without
gauge field (A = 0).
We induce controlled dynamics [2] in the system by
adding to H0, Eq. (2), a resonant time-dependent per-
turbation of the form
V¯ (x, z, t) =Vx cos (2pix) sin(ω
(x)
B t)+
Vz cos (pix) cos (2piz) sin(ω
(z)
B t). (6)
The utility of the term proportional to cos(pix) with spa-
tial periodicity 2 will appear below. The time modula-
tion at the Bloch frequencies ω(x)B (resp. ω
(z)
B ) resonantly
couples first-neighbor WS states proportionally in the x
direction (resp. z direction). This coupling is propor-
tional to the overlap amplitudes〈
ϕ(x)n
∣∣∣ cos (2pix) ∣∣∣ϕ(x)n+1〉 = 〈ϕ(x)0 ∣∣∣ cos (2pix) ∣∣∣ϕ(x)1 〉 ≡ Ωx
[cf. Eq. (4)] in the x direction, and〈
ϕ(x)n
∣∣∣ cos (pix) ∣∣∣ϕ(x)n 〉〈ϕ(z)m ∣∣∣ cos (2piz) ∣∣∣ϕ(z)m+1〉
= (−1)n
〈
ϕ
(x)
0
∣∣∣ cos (pix) ∣∣∣ϕ(x)0 〉〈ϕ(z)0 ∣∣∣ cos (2piz) ∣∣∣ϕ(z)1 〉
= (−1)n Ωz
in the z direction. The (−1)n contribution comes from
the spatial modulation in cos(pix) in Eq. (6) and intro-
duces a distinction between even and odd sites in the x
direction. Note that as Fx 6= Fz, the dynamics in each
direction can be controlled independently.
The general solution of the Schrödinger equation cor-
responding to the Hamiltonian H0 + V¯ can be written
as
ψ(x, z, t) =
∑
n,m
cn,m(t)ϕ
(x)
n ϕ
(z)
m
from which one obtains a set of differential equations with
nearest neighbor couplings
idtcn,m =Tx [cn+1,m − cn−1,m]
+ (−1)nTz [cn,m+1 − cn,m−1] (7)
where Tx = −iVxΩx/2 and Tz = −iVzΩz/2.
Assuming that the wave packet is large and smooth
on the scale of the lattice step one can take the con-
tinuous limit of Eq. (7), and transform the discrete am-
plitudes cn,m(t) in two continuous functions. Note that
the site parity dependence in Eq. (7) must be taken into
account in defining such smooth amplitudes. We thus
introduce the functions see(x, z, t) which is the envelope
of cn,m for n,m even, seo(x, z, t) which is the envelope of
cn,m for n even and m odd, and analogously for soe and
soo. These functions can be arranged as components of
a spinor-4 [Ψ] = (see, soo, seo, soe)T describing 4 coupled
sub-lattices, which, from Eq. (7), obey a Hamiltonian
equation
idt [Ψ(x, z, t)] = HS [Ψ(x, z, t)] (8)
where HS can be easily shown to be a 2D “simulated”
Dirac Hamiltonian of the form HS = cSα · p with an
effective velocity of light cS = VxΩx = VzΩz (couplings
can be made equal by tuning the modulation amplitudes
Vx,z adequately, but it is worth noting that one can also
create an anisotropic model, with the possibility of an
effective violation of Lorentz invariance [1]). The above
system can be broken into two equivalent set of equa-
tions [2] which correspond to the well-known massless
Weyl spinor-2 fermion.
The twofold-degenerate dispersion relation deduced
from Eq. (8) is ω(k) = ± (Ω2xk2x + Ω2zk2z)1/2 and corre-
sponds, as expected, to a Dirac cone.
A massive particle can be simulated by adding a static
perturbation V0 cos(pix) cos(piz) to Eq. (6). Then, ne-
glecting terms in ∂2x,zcm,n or higher, Eq. (7) takes the
3Figure 1. Left : Eigenvalue spectrum of the quantum simulator. The black solid line displays the positive raw energies E as
a function of an arbitrary mode index (negative energies E → −E are not displayed for clarity). The curves in blue and red
circles display the quantity
(
E2 −m2c4) /2Bc2. The red plateaus correspond to bulk states which, according Eq. (17), are
indeed very close to integers. The blue parts correspond to “edge” states which are due to the finite size of the simulated
lattice. Right : Example of bulk state, corresponding to integer values and of an edge state corresponding to the intermediate
non-integer values. The simulation parameters are mc2 = 1, cS = 20 and B = 1/50, and the model parameters in Eq. (11) are
T0 = 1, Tx = Ty = −10i , and TAx = −TAz = 1/10.
form
idtcn,m =(−1)n+mT0 + (−1)nTz [cn,m+1 − cn,m−1]
+ Tx [cn+1,m − cn−1,m] (9)
where T0 = V0
〈
ϕ
(z)
0
∣∣∣ cos(piz) ∣∣∣ϕ(z)0 〉〈ϕ(x)0 ∣∣∣ cos(pix) ∣∣∣ϕ(x)0 〉.
In the continuous limit one obtains a 2D Dirac Hamil-
tonian for a finite-mass particle HS = cSα · p + βmc2
with an effective rest energy mc2 = T0. This term opens
a gap of width 2mc2 in the the dispersion relation.
III. DIRAC EQUATION WITH AN ARTIFICIAL
GAUGE FIELD
In this section, we show how a vector potential A =
Axx + Azz with Ax ∝ z and Az ∝ x, can be synthe-
sized. The Dirac Hamiltonian of Eq. (1) can be realized
by adding to Eq. (6) an additional perturbation
V¯A(x, z, t) =V
A
x z cos (2pix) cos(ω
(x)
B t)+
V Az x cos (pix) cos (2piz) cos(ω
(z)
B t). (10)
This term can be treated in the same way as in Sec. II
and leads to
idtcn,m = (−1)n+mT0 + (−1)nTz [cn,m+1 − cn,m−1]
+ Tx [cn+1,m − cn−1,m]
+ TAx m [cn+1,m + cn−1,m]
+ (−1)nnTAz [cn,m+1 + cn,m−1] (11)
where TAz =
1
2ΩzV
A
z , TAx =
1
2ΩxV
A
x . The additional
terms on the last two lines in Eq. (11) are due to the po-
tential Eq. (10) which generates the slopes proportional
to m (resp. n) in direction z (resp. x) [28].
In the continuous limit, and neglecting second order
(and higher) derivatives of the spinor components, we
obtain the Hamiltonian of Eq. (1), with an artificial gauge
field A = −2(zTAx x + xTAz z)/cS . The symmetric gauge
considered in the next section can be realized by tuning
the modulation amplitudes in V¯A so that TAx = −TAz ,
thus A = 2TAz (zx− xz)/cS , corresponding to a uniform
magnetic field in the y direction B = 4TAz y/cS [29].
IV. QUANTUM SIMULATION OF DIRAC
PHYSICS
We briefly recall well-known theoretical results of
Eq. (5) for a spinor-4 Dirac particle in the presence of
a symmetric vector potential A = 2TAz (zx−xz)/cS . We
will compare them with the numerical results of the dis-
crete model Eq. (11) and show that they are in very good
agreement, proving that the discrete model simulates to
a good level of accuracy the Dirac physics.
In the following, we write the spinor-4 as [Ψ] = [φ;χ]
where φ, χ are spinor-2s. With this convention, the Dirac
equation can be decomposed in 2 coupled equations
(E −mc2)φ = c [σ · (p−A)]χ (12)
(E +mc2)χ = c [σ · (p−A)]φ. (13)
These equations are symmetric under the transposition
E,φ, χ←→ −E,−χ, φ so that the negative energy states
are easily deduced from their positive energy counter-
parts.
4Figure 2. First excited eigenstate of Eq. (18). Four components of the spinor are shown: Resee, Imsoo, Resoe, Reseo. The first
excited states energy is E = 4.11 (same parameters as in Fig. 1). The WS numerical simulation was performed in a square of
80× 80 lattice sites (shown in only one plot, for clarity).
Eliminating χ from Eqs. (13) gives (E2 − m2c4)φ =
c [σ · (p−A)]2 φ, and, after some straightforward alge-
bra,
(E2 −m2c4)φ = c2
[(
p2 +
(
B
2
)2
(x2 + z2) + LyB
)
1
+σyB]φ (14)
where Ly = (zpx − xpz) is the angular momentum com-
ponent in the y direction, with a “diamagnetic” term pro-
portional to x2+z2 and “paramagnetic” terms of the type
L·B and σ ·B. This equation has “spin up” φ+ and “spin
down” φ− spinor-2 solutions
φ± = (1,±i)Tψ±(x, z) (15)
where ψ±(x, z) obey the following equation
[
p2
2µ
+
µ
2
(x2 + z2) + Ly
]
ψ± = (E˜ ∓ 1)ψ± (16)
with E˜ = (E2 − m2c4)/(Bc2) and µ = B/2, which
strongly evokes a 2D harmonic oscillator of mass µ and
natural frequency ω = 1 in a magnetic field.
Solutions of Eq. (16) are the well-known “Landau lev-
els”, with the spectrum
E =
√
m2c4 + 2Bc2n (17)
where n ∈ N∗ (not to be confused with the site index n,
which does not appear in the present section) for “spin
up” solution φ+ and n ∈ N for “spin down” φ−. For each
n the corresponding energy is infinitely degenerated.
The solutions for ψ± Eq. (16) are well known, and
together with Eq. (15) and Eq. (13) lead to solutions for
the full eigenspinors [Ψ] = [φ;χ] . In polar coordinates
x = r cosϕ, z = r sinϕ and ρ = r/`, where ` =
√
2/B is
an effective dimensionless “magnetic length”, an example
of solution for the fundamental level E = mc2 is
[φ;χ] =
[
(1,−i) exp(−ρ2/2); (0, 0)]
with a negative energy E = −mc2 counterpart [−χ;φ].
An example of an eigenstate belonging to the n = 1 ex-
cited state family E =
(
m2c4 + 2Bc2
)1/2 is
[φ;χ] = [(1, i); (1,−i)βρ exp(−iϕ)] exp(−ρ2/2) (18)
where β = −2c/ [`(mc2 + E)] [30].
Numerical simulations of the discrete model reproduce
the characteristics of the above solutions of the Dirac
equation. According to Eq. (17), plateaus are obtained
at integer values n =
(
E2 −m2c4) /2Bc2. As shown
in Fig. 1, the numerical solution of the eigenproblem
Eq. (11) displays such a behavior, with plateaus (red
disks) appearing as expected at integer values. The sim-
ulation also shows eigenenergies which fall at non-integer
values (blue circles); we checked that these are edge states
due to finite size effects, as the numerical simulation is
performed in a square box containing finite number of
lattice sites (80×80).
Figure 2 shows a numerical example of the
the four components of the eigenspinor [Ψ] =
5(see(x, z, t), soo(x, z, t), soe(x, z, t)seo(x, z, t)), corre-
sponding to the analytical solution of the Dirac excited
mode of Eq. (18); injecting the magnetic length ` = 10
in Eq. (18), we get a quantitative agreement with the
simulation result.
V. CONCLUSION
The present work demonstrates the ability of ultracold-
atom systems to mimic a Dirac particle in the presence of
a magnetic field, putting together quantum simulations
of “exotic” dynamics (from the point of view of low-energy
physics) and artificial gauge fields. This is intrinsically
expected to lead to topological systems, as the Dirac cone
is one of the main (and simplest) examples of topology
in physics. This opens new ways to explore exciting new
possibilities in this very active field.
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